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ABSTRACT
We consider the coupling of nonminimal scalar multiplets to supersymmet-
ric Yang-Mills in four dimensions and compute the one-loop contribution to
the low-energy effective action in the abelian sector. We show that the re-
sulting theory realizes the dual version of the corresponding one from N = 2
supersymmetric Yang-Mills.
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Recently much attention has been given to the study of low-energy effective actions
for supersymmetric gauge theories in four dimensions. These investigations were boosted
primarily by the Seiberg and Witten’s exact construction [1] of the abelian low-energy
effective action for the N = 2 Yang-Mills theory. In a N = 1 superspace formalism such
a theory is described in terms of chiral superfields, in the adjoint representation of the
gauge group, minimally coupled to the vector gauge multiplet.
In this paper we consider the corresponding situation where the chiral superfields
are replaced by complex linear superfields [2], [3]. It is well known that the on-shell
spectrum of the minimal scalar, described by a chiral superfield, and of the nonminimal
one, described by a complex linear superfield, are the same, the two differing only in their
auxiliary field content. The kinetic action for a complex linear superfield Σ, Σ¯, satisfying
D¯2Σ = 0, D2Σ¯ = 0 is
Skin = −
∫
d4x d4θ Σ¯Σ (1)
In terms of component fields [2], [3], it becomes (the minus sign in (1) has been chosen so
that it gives the correct sign for the kinetic term of the component scalar field)
S =
∫
d4x [B¯✷B − ζ¯ α˙i∂αα˙ζ
α − H¯H + βαρα + β¯
α˙ρ¯α˙ + p¯
αα˙pαα˙] (2)
with physical components B = Σ|, ζα = DαΣ¯| like in the chiral superfield, but different
auxiliary modes ρα = DαΣ|, H = D
2Σ|, pαα˙ = D¯α˙DαΣ|, β¯α˙ =
1
2
DαD¯α˙DαΣ|.
The coupling of Σ to the Yang-Mills superfield V is easily accomplished by defining
covariant derivatives and covariantly linear superfields with respect to the gauge fields.
We use the conventions in ref. [3]. Thus we consider N = 1 superfields V , Σ and Σ¯
Lie-algebra valued in the adjoint representation, V = V aTa, Σ = Σ
aTa, Σ¯ = Σ¯
aTa with
[Ta, Tb] = if
c
abTc and trTaTb = Kδab, and we introduce covariant derivatives, in vector
representation,
∇α = e
−
V
2 Dαe
V
2 ∇¯α˙ = e
V
2 D¯α˙e
−
V
2
∇αα˙ = −i{∇α, ∇¯α˙} (3)
We define the Yang-Mills field-strength
Wα =
i
2
[∇¯α˙, {∇¯α˙,∇α}] (4)
1
and covariantly linear superfields Σc, Σ¯c subject to the constraints ∇¯
2Σc = 0, ∇
2Σ¯c = 0.
In vector representation they are given by
Σc = e
V
2 Σe−
V
2 Σ¯c = e
−
V
2 Σ¯e
V
2 (5)
The gauge invariant classical action is
S =
1
β2
[∫
d4x d2θ
1
4
tr(W αWα) +
∫
d4x d2θ¯
1
4
tr(W¯ α˙W¯α˙)
−
∫
d4x d2θ d2θ¯ tr(Σ¯cΣc)
]
(6)
In terms of the prepotential V and of the complex linear superfields Σ’s, with gauge
transformations
eV
′
= eiΛ¯eV e−iΛ e−V
′
= eiΛe−V e−iΛ¯ D¯α˙Λ = 0 , DαΛ¯ = 0
Σ′ = eiΛΣe−iΛ Σ¯′ = eiΛ¯Σ¯e−iΛ¯ (7)
it can be rewritten as
S =
1
β2
∫
d4x d2θ d2θ¯ tr
[
−
1
2
(e−VDαeV )D¯2(e−VDαe
V )− e−V Σ¯eVΣ
]
(8)
In addition to the explicit N = 1 supersymmetry, the action in (6) possesses an
invariance under a second set of global supersymmetry transformations
δΣ¯c = −iǫ
αWα δΣc = iǫ¯
α˙W¯α˙
δ∇α = ǫαΣc δ∇¯α˙ = −ǫ¯α˙Σ¯c (9)
The corresponding variations of the field-strengths can be obtained using the definitions
in (4)
δWα = −ǫ¯
α˙∇αα˙Σ¯c −
i
2
ǫ¯α˙∇α∇¯α˙Σ¯c δW¯α˙ = ǫ
α∇αα˙Σc +
i
2
ǫα∇¯α˙∇αΣc (10)
The supersymmetry algebra in (9) and (10) closes on-shell. Indeed the commutators of
two such transformations give
[δ1, δ2]Σ¯c = (ǫ
α
2 ǫ¯
α˙
1 − ǫ
α
1 ǫ¯
α˙
2 )(i∇αα˙ −
1
2
∇α∇¯α˙)Σ¯c
[δ1, δ2]Σc = (ǫ¯
α˙
2 ǫ
α
1 − ǫ¯
α˙
1 ǫ
α
2 )(i∇αα˙ −
1
2
∇¯α˙∇α)Σc
[δ1, δ2]Wα = (ǫ¯
α˙
2 ǫ
β
1 − ǫ¯
α˙
1 ǫ
β
2 )(i∇βα˙Wα + cβα∇¯α˙∇
γWγ)
[δ1, δ2]W¯α˙ = (ǫ
α
2 ǫ¯
β˙
1 − ǫ
α
1 ǫ¯
β˙
2 )(i∇αβ˙W¯α˙ + cβ˙α˙∇α∇¯
γ˙W¯γ˙) (11)
2
and the closure of the algebra is implemented once the equations of motion, ∇¯α˙Σ¯c = 0,
∇αΣc = 0, ∇
αWα = 0, ∇¯
α˙W¯α˙ = 0, are imposed. The N = 1 description in terms of com-
plex linear superfields and gauge multiplets is missing auxiliary degrees of freedom needed
for the off-shell closure of the N = 2 supersymmetry algebra. This is in contradistinction
with the corresponding situation for covariantly chiral superfields coupled to Yang-Mills:
there the second supersymmetry which realizes the N = 2 invariance closes off-shell. This
statement can be easily checked considering the N = 2 Yang-Mills action written in terms
of N = 1 superfields
S =
1
g2
[∫
d4x d2θ
1
4
tr(WαWα) +
∫
d4x d2θ¯
1
4
tr(W¯ α˙W¯α˙)
+
∫
d4x d2θ d2θ¯ tr(Φ¯cΦc)
]
(12)
where Φc, Φ¯c are covariantly chiral, antichiral superfields respectively, and Wα is the
Yang-Mills field-strength. The action in (12) is invariant under
δΦc = −iξ
αWα δΦ¯c = iξ¯
α˙W¯α˙
δ∇α = ξαΦ¯c δ∇¯α˙ = −ξ¯α˙Φc (13)
with corresponding transformations for the field-strengths
δWα = iξα∇¯
2Φ¯c − ξ¯
α˙∇αα˙Φc δW¯α˙ = −iξ¯α˙∇
2Φc + ξ
α∇αα˙Φ¯c (14)
Using (13) and (14) it is straightforward to compute the commutator algebra and verify
the off-shell closure.
We now go back to the action in (8) and consider its quantization. We shall restrict
our attention to the SU(2) case, with fabc = ǫabc and (Ta)kl = iǫkal. The aim is to perform
the following one-loop computation: we give a vacuum expectation value to the complex
linear superfields in an abelian direction
Σ = (0, 0,Σ) Σ¯ = (0, 0, Σ¯) (15)
Then we compute all one-loop diagrams with external Σ, Σ¯ and no spinor nor space-time
derivatives acting on them. Obviously this amounts to the determination of the leading
contribution to the low-energy effective action, exactly as in the corresponding calculation
for the N = 2 supersymmetric Yang-Mills theory.
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In order to proceed in the perturbative calculation, it is convenient to make a quantum-
background splitting, Σ→ ΣQ +Σ, Σ¯→ Σ¯Q + Σ¯, so that Σ and Σ¯ are the external fields
given in (15), while ΣQ, Σ¯Q and V are the quantum fields. Since one does not know
how to perform superspace functional differentiation and integration on complex linear
superfields, a direct quantization is not available. Here we follow the approach proposed in
some recent papers [4], [5]: the linearity constraints are solved in terms of unconstrained
gauge spinor superfields σα, σ¯α˙ whose field-strengths are ΣQ = D¯α˙σ¯
α˙, Σ¯Q = Dασ
α. The
gauge invariance introduced in this manner needs gauge fixing; in fact an infinite set
of invariances arises and it leads to a tower of ghosts. In ref. [4] it was shown how
to proceed systematically in the quantization using the Batalin-Vilkovisky method. In
ref. [5] this formulation has been applied to the calculation of the one-loop β-function
for the nonlinear σ-model defined in terms of nonminimal scalar multiplets. It has been
shown that choosing gauge-fixing functions independent of the external background all the
ghosts essentially decouple; the calculation becomes manageable and no formal (infinite)
manipulations are necessary.
As compared to the nonlinear σ-model case, we have to face here the extra requirement
of maintaining the gauge invariance with respect to the Yang-Mills fields. This is most
easily done in a covariant approach: following the gauge-fixing procedure described in
detail in ref. [4], the only thing we need to do is to replace the flat derivatives with the
corresponding covariant ones given in (3). This automatically leads to the coupling of
the infinite tower of ghosts to the Yang-Mills fields. While in general this might be quite
difficult to handle, no extra complications arise for the calculation we have in mind. In
fact it is immediate to realize that these ghosts never couple to the external background
Σ, Σ¯ and then they do not contribute at one loop.
In ref. [5] the < σασ¯α˙ > propagator has been computed and we refer the reader to
that paper for the details of the calculation. The final result is
< σaασ¯
b
α˙ > =
β2
K
δab
[
−
i∂αα˙
✷
+
3(kk′1)
2 + 4− 2k
′2
1
4(kk′1)
2
i∂αα˙
D2D¯2
✷2
+
+
3k2 − 2
4k2
i∂αα˙
DβD¯
2Dβ
✷2
+
2− k2
4k2
i∂αβ˙i∂βα˙
DβD¯β˙
✷2

 δ(4)(θ − θ′) (16)
where k and k′1 are gauge parameters. The gauge fixing for the N = 1 vector multiplet
is performed in standard manner: as in refs. [6] and [7] we choose the supersymmetric
Landau gauge which gives the V -propagator
< V aV b >= −
β2
K
δab
DαD¯2Dα
✷2
δ(4)(θ − θ′) (17)
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Again the chiral ghosts introduced by the quantization in the Yang-Mills sector do not
couple to the external fields and therefore do not enter a one-loop calculation.
After quantum-background splitting, from the action in (8) we have as relevant inter-
actions the cubic vertices
V (3) = −
1
β2
tr(Σ¯[V,ΣQ])−
1
β2
tr([Σ¯Q, V ]Σ) (18)
and the quartic vertex
V (4) = −
1
2β2
tr(Σ¯[V, [V,Σ]]) (19)
First we notice that, since the quantum fields σα, σ¯α˙ always interact with the external
background through their field-strengths ΣQ, Σ¯Q, instead of the propagator in (16) it is
sufficient to use the much simpler expression [5]
< Σ¯aQΣ
b
Q >= D
α < σaασ¯
b
α˙ > D¯
α˙ =
β2
K
δab
[
D2D¯2
✷
+
DαD¯
2Dα
✷
]
δ(4)(θ − θ′) (20)
Then we find convenient to consider effective V -propagators which contain the sum of
all possible insertions of the quartic interaction in (19). The sum is performed taking
advantage of the fact that, since we want to compute the leading contributions to the
effective action, no derivative acts on the external fields. For the spinor derivatives present
in (17) we use the relation (DαD¯2Dα)
n = (−✷)n−1 DαD¯2Dα and obtain
<< V aV b >>= −
β2
K

 (✷+ Σ¯Σ)
−1 0 0
0 (✷+ Σ¯Σ)−1 0
0 0 ✷−1


ab
DαD¯2Dα
✷
δ(4)(θ − θ′) (21)
Now the one-loop ΣΣ¯ low-energy effective action is easily computed, summing over graphs
with n three-point vertices −1
β2
tr(Σ¯[V,ΣQ]) and n vertices
−1
β2
tr([Σ¯Q, V ]Σ), with n propa-
gators << V aV b >> and n propagators < Σ¯aQΣ
b
Q >. The D-algebra is straightforward.
We have spinor derivatives from the propagators in (20) and (21). Since they all have to
stay in the loop, we repeatedly use the identities
DαD¯2Dα(D
2D¯2 +DβD¯
2Dβ) = DαD¯2Dα(D¯
2D2 + D¯β˙D
2D¯β˙) = ✷DαD¯2Dα (22)
to reduce the number of D’s and D¯’s. As a final step the D-algebra is completed by
making use of
δ(4)(θ − θ′)D2D¯2δ(4)(θ − θ′) =
1
2
δ(4)(θ − θ′)DαD¯2Dαδ
(4)(θ − θ′) = δ(4)(θ − θ′) (23)
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The total sum of these contributions gives
Γ(1) =
∫
d4p
(2π)4
d4θ
2
p2
∞∑
n=1
1
n
(
2
−Σ¯Σ
p2 − Σ¯Σ
)n
= −
∫
d4p
(2π)4
d4θ
2
p2
[
ln(1 +
ΣΣ¯
p2
)− ln(1−
ΣΣ¯
p2
)
]
(24)
In addition one has the contribution from the effective V -propagator in (21) with no extra
background insertions: it gives
Γ(2) = −
∫
d4p
(2π)4
d4θ
2
p2
ln(1 −
ΣΣ¯
p2
) (25)
Summing the terms in (24) and (25) one obtains
Γ = −
2
(4π)2
∫
∞
0
dp2 d4θ ln(1 +
ΣΣ¯
p2
) (26)
The integral is divergent: it gives rise to a wavefunction renormalization of the Σ’s plus
a finite contribution
Γeff(Σ¯,Σ) =
−2
(4π)2
Σ¯Σ ln
(
Σ¯Σ
µ2
)
(27)
where µ is a renormalization mass. The result in (27) represents the one-loop low-energy
contribution to the Σ¯Σ lagrangian, exactly as in the corresponding calculation in terms
of chiral superfields. Now we elaborate on this.
The equivalence of the descriptions of the scalar multiplet by the complex linear super-
field and by the chiral superfield can be understood in terms of a duality transformation.
One writes a first order action
S =
∫
d4x d4θ
[
Φ¯Φ + ΣΦ + Σ¯Φ¯
]
(28)
with Σ satisfying the constraint D¯2Σ = 0, (which implies Σ = D¯α˙σ¯
α˙), and Φ uncon-
strained. Using the equations of motion to eliminate Φ, Φ¯, one obtains the linear super-
field action. Eliminating instead Σ, Σ¯ whose equations of motion impose the chirality
constraint on Φ (Φ¯), D¯α˙Φ = 0, (DαΦ¯ = 0), one obtains the standard chiral superfield
action. In view of this observation our one-loop calculation has shown that this classical
duality of the matter fields is maintained at the quantum level. Since we have shown that
6
both theories in (6) and in (12) are invariant under a second supersymmetry which mixes
the matter fields with the gauge fields, we would expect the duality in the matter sector,
Φc → Σc, to be accompanied by the electro-magnetic duality, Wα → Wα, in the vector
sector.
However things do not quite work so simply. We can start for example with the linear
multiplet Σc, satisfying the constraint ∇¯
2Σc = 0 (which implies Σc = ∇¯α˙σ¯
α˙) and the
gauge field strength Wα =
i
2
[∇¯α˙, {∇¯α˙,∇α}], and consider the first order action
S =
1
g2
tr
[∫
d4x d4θ Φ¯cΦc +
1
4
∫
d4x d2θ WαWα +
1
4
∫
d4x d2θ¯ W¯ α˙W¯α˙
]
+tr
∫
d4x d4θ (ΦcΣc + Φ¯cΣ¯c) +
i
2
tr
∫
d4x d2θ WαWα
−
i
2
tr
∫
d4x d2θ¯ W¯ α˙W¯α˙ (29)
with unconstrained superfields Φc, Φ¯c, and chiral spinors Wα and W¯α˙.
Now, functional integration over Φc, Φ¯c, Wα and W¯α˙, leads to the action
S = g2 tr
[
−
∫
d4x d4θ Σ¯cΣc +
1
4
∫
d4x d2θ W αWα +
1
4
∫
d4x d2θ¯ W¯ α˙W¯α˙
]
(30)
which exactly matches the one in eq. (6) with the identification β2 = 1/g2. On the other
hand, using the equations of motion to eliminate the superfields Σ, Σ¯ and V , we obtain
the chirality constraints
∇¯α˙Φc = 0 ∇αΦ¯c = 0 (31)
but not the Bianchi identities
∇αWα + ∇¯
α˙W¯α˙ = 0 (32)
Instead of eq. (32) one obtains the equations of motion
∇αWα = 0 ∇¯
α˙W¯α˙ = 0 (33)
so that in a certain sense the standard N = 2 Yang-Mills theory is recovered only on-shell.
We believe that this is just a consequence of the fact that for the theory in (6) the second
supersymmetry is an on-shell invariance.
We notice that the first order action in (29) is appropriate for describing the above
mentioned duality equivalence in the abelian case. Indeed for the abelian theory we delete
the tr operation and consider the linear multiplet satisfying the constraint D¯2Σ = 0 and
the gauge field strength Wα = iD¯
2DαV . Using the field equations to eliminate Σ, Σ¯ and
7
V , one recovers the chirality conditions on Φ and Φ¯ and the Bianchi identities on Wα,
W¯α˙, so that the abelian N = 2 Yang-Mills theory is reconstructed.
In the nonabelian case one should try to obtain a formulation of the theory in terms of
complex linear superfields and gauge fields directly in a N = 2 description. Indeed in ref.
[1] the complete, nonperturbative information about the low-energy effective action was
obtained starting from the N = 2 superspace formulation of the theory in (12). In N = 2
superspace the action is given by the chiral integral of the prepotential, a holomorphic
function F(W ) being W the N = 2 gauge superfield strength [8]. For the action in (30)
such a formulation is not known. In order to move into N = 2 superspace, first one should
learn which are the auxiliary degrees of freedom not present in the N = 1 formulation
of the theory. Second one should find a N = 2 superfield which might accomodate a
complex linear superfield and a Yang-Mills field-strength among its N = 1 components.
These issues seem worth to pursue.
In a different but complementary perspective, it could be interesting to consider models
with mixed matter, i.e. models constructed in terms of chiral and complex linear super-
fields along the lines studied in [9], and analyze their interaction with the Yang-Mills
gauge multiplet.
As a final comment we observe that in order to have these systems completely under
control it would be necessary to understand how to treat the infinite tower of ghosts
introduced by the Batalin-Vilkovisky quantization of the complex linear superfield. From
the results presented here it is clear that the contribution to the one-loop low-energy
effective action of the gauge field could be obtained using N = 2 supersymmetry. This
indicates that the final answer is simple, and therefore we only need an intelligent way to
handle efficiently the ghost calculation.
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